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Abstract 

We embed the Wess-Zumino (WZ) model in a wider superspace than the one described by chiral 
and anti-chiral superfields. 
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1. There is a systematic and interesting formalism 
for embedding, developed by Batalin, Fradkin, Fradkina, 
and Tyutin (BFFT) Q , where theories with second-class 
constraints Q are transformed into more general (gauge) 
theories where all constraints become first-class. The 
transformation of constraints from second to first-class 
is achieved after extending the phase space by means of 
auxiliary variables under the general rule that there is 
one pair of canonical variables for each second class con- 
straint. The method is iterative and can stop in the first 
step H or can go on indefinitely J§,||. In any case, after 
all constraints have been transformed into first-class, it 
is necessary to look for the Hamiltonian corresponding to 
this new theory. The method also permit us to obtain any 
involutive quantity that has zero Poisson brackets with 
all the constraints. The embedding Hamiltonian can be 
obtained in this way, starting from the initial canonical 
Hamiltonian and iteratively calculating the correspond- 
ing corrections. 

There is another manner to obtain an embedding 
Hamiltonian, which consists in using the BFFT method 
to obtain involutive coordinates Q. The canonical 
Hamiltonian is then rewritten in terms of these new co- 
ordinates that automatically give it the involutive con- 
dition. Of course, the embedding Hamiltonians obtained 
from these two different ways are not necessarily equal. 
This means that for some specific theory there may exist 
more than one possible embeddings. It is also opportune 
to say, on the other hand, that there are theories which 
cannot be embedded §. 

One of the interesting problem that the BFFT method 
could be addressed is the covariant quantization of su- 
perparticles and superstrings, that remained opened for 
a long time. This problem has been solved in a embed- 
ding procedure but differently of the BFFT method 0. 
In fact, the meaning of embedding in field theory can 
be taken as much wider than the cases described by the 
BFFT method. The important point is that the embed- 
ding theory contains all the physics of the embedded one. 



We mention, for example, even the general procedure of 
supersymmctrization is an example of embedding. 

We would like to address the present paper to this 
point of view of considering the embedding procedure in 
a wider way. We concentrate on the WZ model || in su- 
perfield language Conventionally, the WZ model 

is always developed in terms of chiral and antichiral su- 
perfields, that are examples of irreducible superfields. We 
shall consider here a kind of embedding where we describe 
the WZ model by using a more general superfield repre- 
sentation. We shall sec that, contrarily to the bosonic 
nature of the chiral and antichiral superfields, the gen- 
eral superfield we have to use is fermionic. We shall also 
see that there are two possible terms that can figure in 
the Lagrangian and having a relative parameter between 
them. The consistency of the obtained theory can be 
verified by showing it has the same physics of the WZ 
model. Finally, we know that a characteristic of embed- 
ding theories is that they have more symmetries than the 
embedded one. The same also occurs here. We can show 
that for an specific value of the relative parameter be- 
tween the two terms of the Lagrangian, there is a kind of 
gauge symmetry relating all the fields of the theory 

2. In order to fix the notation and make future com- 
parisons, let us write down the general form of the real 
and scalar superfield, 

$(sg, 6) = A(x) + 6ip(x) + -69 B(x) 



X(x) + \{M) 2 D(x) , (1) 



Here, all the spinors are Major ana and are in the Majo- 
rana representation (their components are real). We ob- 
serve that it contains eight bosonic and eight fermionic 
degrees of freedom. We are going to work in four compo- 
nent notation for the spinor fields. In the Appendix, we 
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give more details about the notation and convention we 
are using and list some useful identities. 

The irreducible positive and negative chiral superfields, 
that contains just four components, are given by 

$+(*> e) = <f>( x ) + l - h^oe^ - i {oef u4> 

+\ 9(1 + 7s) 1>(x) - % - MfrfO- + 75) 
+±6(l+ 75 )0F(x), (2) 

$_(x, e) = <t>*{x) - l - e^i^d^* - I (eef up 

+ \ 0(1 - 75) ^(s) - \ M^(\ - 75) drf 

+le(i- 75 )eF*(x). (3) 

The WZ model [^|Jl^1 is directly obtained (up to some 
general constant factor) from an action given by the 
product of positive and negative chiral superfields, S — 
J d 4 xd 4 

3. We first observe that the formulation of a supersym- 
metric theory, using general superfields and that contains 
the WZ model as a particular case, cannot be done in 
terms of covariant derivatives over the scalar supcrficld. 
This is so because it would violate the correct mass di- 
mension of the superfield Lagrangian, that should be two. 
The correct way is starting from a fermionic supcrficld, 
whose general form reads 

¥ a (M) = Xa(ar) +9 a (f>(x) + ^99^ a (x) 

i - 1 - 

+^0l 5 0X a (x) + 1 z6^ h 0^ m (x) 

+ ^969 a F(x) + ^(99) 2 r, a (x). (4) 
Consequently, the form of 9 a (x,6) reads 

9 a (x,9) = Xa(x)+9 a <j)*(x) + ~60$ a (x) 

+ \ O75O \ a (x) + i 9^150 Mx) 

+ ^999 a F*(x) + ^(99) 2 fj a (x). (5) 

If we consider the fermionic supcrficld with mass dimen- 
sion i, the mass dimension of the component fields are 

[X\ = l, [</>} = !, [V>] = [A] = hM=|, 

[f} = 2, [n\ = \. (6) 

Notice that actually 0, ip, and F have the same mass 
dimensions of the corresponding fields of the WZ model. 



The supersymmetry transformations of the component 
fields can be directly obtained by the general supersym- 
metry transformation relation 

59 a = (£Q) 9 a , (7) 

which leads to 

i - 1 - i - 1 - 

H = ~^9X - 1^ ~ 4^75 A + ^?757 m ^m . 

5\ a = \(i,m) a + \(^) a Fi 

i 1 

5F = ifftfr + + l -^Y T od^ v - y v , 

5Va = ^(m) a - (8) 

We observe that the usual transformations of the com- 
ponent fields of the WZ model are embodied in (||). 

Before going on, it is opportune to make a comment 
about the number of bosonic and fermionic degrees of 
freedom that appear in ^ and (||). At first sight, they 
are not the same. There are thirty two fermionic degrees 
of freedom and apparently much less bosonic ones. What 
happens is that the bosonic quantities <f> and F are not 
representing just single fields. Instead the quantity 9 a <fi, 
we must read more generically jll] 

0a(j) _^ e a(j) + ( 75 e) Q + (^e) a A^ 

+ (j 5 rO) a A^ + ^(a^9) a B fw (9) 

that corresponds to sixteen degrees of freedom and the 
same occurs for the term with F. 

4. The most general supersymmetric Lagrangian den- 
sity expressed in terms of the spinor superfields, not con- 
taining high derivatives and nonlocal terms, has the form 
(up to some overall constant factor) 

C = D a 9 a D p 9 + a D a 9 D a 9 p , (10) 

where a is a relative normalization parameter that shall 
be conveniently fixed. After a long algebraic calculation, 
we obtain that the (99) 2 component of C is given by 

L {Sey = (2a + i) fa - (2a + ±) 

- (a + -) $Ux + (a - 1)FF* - a^Utf 

% — % — 1 — 

+ 2 A 7s?7 + ^A^A + -^7 M 7s?? 
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(11) 



mix with any fermionic fields and their equations of mo- 
tion are the usual ones that appear in the WZ model 
(up to the generic scaling parameter a). Concerning the 
equations of motion for the fermionic fields, we have 



We notice that the bosonic quantities cj> and F do not 



2(4a + 1) r) - (4a + l)Dx + 2i# + 2 75 $A + 2%^d^% = , 
(4a + 1) ip + i l5 \ - TtoVW + i@X = , 
2(4a + 1) + 2 75# - 2i-f 5 rj - 2i$\ + i lb U x = , 
2(4a + 1) d"X - 2i 75 d^ + 2^ 5V + itf'f'f + l u YY)d^ P + TsT'V^X = , 
(4a + 1) nip - 2i^ + 275 DA - 757 / V$d/^ = • 



(12) 

(13) 
(14) 
(15) 
(16) 



As it has been emphasized, the procedure of embed- 
ding must not affect the physics we already know for the 
initial theory. We can verify that this is actually the 
case by combining these equations to obtain equations of 
motion for each component field. For example, by using 
( |l3| ) and (jlj) we eliminate A and r\ from the remaining 
equations. The result is 



Introducing these results into fll3| ) and Q), one obtains 
the following equations involving A and rj 



^A = 0, 
□x-2r? = 0. 



(23) 
(24) 



4a ^>-2(2a- 
2(2a- l)0tyH 
# + 75^^ 



■ 1)75^^ + 75 ^7 M ^ 

475^^ + 1&f% H 
= 0. 



ftnx = o ) (17) 
*ax = 0, (18) 
(19) 



The analysis of these equations shows us that for a = — 2 
they are not independent. On the other hand, for a ^ —2 
we get 



0. 



0. 



°X - = • 



(20) 
(21) 
(22) 



SC 



Sip 
+Sfj 

-sx 

-Sx 











(2a ^ 
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We then observe that the equations of motion of the 
WZ model are obtained among all the equations of the 
general model. Hence, the WZ model is actually embed- 
ded in the Lagrangian (|ll"l). However, this compatibility 
with the WZ model did not permit us to completely fix 
the relative parameter a. It just says it has to be different 
from —2. We also observe that it cannot be one because 
it would rule out the term in FF* of the Lagrangian (p 

5. Let us now see that the embedding Lagrangian ( O ) 
exhibits a kind of gauge symmetry for a specific value of 
the parameter a. Taking a generic variation of the La- 
grangian we obtain 



■ 75^A + - 75<9^W 



■7 5 A 



1 u, i 

2 757 M VV + 2 



^75 °x 



(2a + ~) + ^75# - 2-75^7 - ~ 

(2a + 1) d»\ - % - 75 c^ + \ ^ l5V + % - {-f<ff + l v YY)dA P + \ 757V^X 
(a + -) tty - % -$r) + l - 75 DA - J 757 m 7^mVv 



SA*aA + SF*F . 



(25) 



Looking at the equation of motion (22), it suggests us where a(x) is a Majorana spinor that plays the role of a 
that a possible gauge transformation for ip^ should have gauge parameter. Keeping in mind the mass dimension 
the form of the fields that appear in (p5|), we infer that the gauge 

transformations for the remaining fields should be 

6ip IJ ,(x) = <5(a;)7 AI 75 , (26) 
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8ip{x) = ba(x) , 
5fj(x) = cd fl a(x)Y , 
S\(x) — da(x)j5 , 

8x{x 

5A*(x 
SF*(x 



e -d^a{x)Y 

0, 
0, 



(27) 



where 6, c, d, and e are parameters to be conveniently 
fixed. Replacing (26) and (|27j ) into (^5|) we get that the 
necessary condition to get the symmetry is 

26 + 2ic + 2id-ie = 8a + 2, 

2b + (4a + l)2ic + 2id - (4a + l)ie = 2 , 

(4a + 1)6 + id - ie = 4, 

(4a + l)b + 2ic+id= -2. (28) 

These correspond to the coefficients of cr^A, aftip, ocq, 
and respectively. There is still another equation to 

be verified which is related to the field i/> M , namely 

(-6i + 2c + e) a7 5 7 M ^^ 

+ [Ai + 2bi - 4c - 2d(4a + 1)] a-f^ip^ = , (29) 

where one cannot infer any conclusion for the coefficients 
of <5757^<9$ A1 and <57 5 <9 M i/v because these terms are not 
independent. 



Considering the set given by (|28j), one can solve it to 
express 6, c, d, and e in terms of a. The result is 6 = — f , 
c = 2i, d = — i{Aa + 3), and e — 2i (it is important to 
mention that this solution exists only if a ^ 0). Intro- 
ducing now this result into (|2^), we get a providential 
cancelation of the first term. The second one becomes 



APPENDIX A: 



In this Appendix, we present the notation, conven- 
tion and the main identities used throughout the pa- 
per. The gamma matrices satisfy the usual relations 
{Y> Y} — and 7 M = Yl^Y- We adopt the metric 
convention rf v = diag.(l, —1, —1, —1). We take the com- 
pletely antisymmetric tensor t pvpX given by e 0123 = 1. 
The matrices 75 and a pv are defined as 



- 1 2 S 

75 = ij 7 7 7 , 



2 [7^,7" 



(A.I) 
(A.2) 



Let us list below some useful identities involving 
gamma matrices 



YYY = Y"Y - rf P Y + rf P Y 
757V ^75 + ^V, 



*e^ pA 757A : 



75 = 




1 




Y° pX = 




v pX Y) - 




a^Y = 


\W P Y - 


rfPY) - 


f~ i^ pA 757A , 


a pv a pX = 




- \(v>* P V 





(A.3) 
(A.4) 

(A.5) 

(A.6) 

(A.7) 



__^ PT] u aj] XI3 + _ p ^ A) . (A. 



a(a + 1) aj5d p ijjf_ t = . 



(30) 



Further 



Since a cannot be zero, we get that the symmetry given 
by ( prf ) and ( |27| ) fixes the parameter a into —1 (this value 
is compatible with all the previous boundary conditions). 

6. In this work we have embedded the WZ model in a 
wider superspace than the one described by chiral and an- 
tichiral superfields. We have show that just the fermionic 
general superfield is appropriated to be used and the con- 
sistency condition of the embedding is verified by showing 
that the same equations of motion of the WZ model are 
among the equations of motion of the general model. Fi- 
nally, we have also shown that the embedding theory has 
a kind of gauge symmetry. This symmetry permit us to 
fix a relative parameter that appear in the two terms of 
the Lagrangian. 
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tr YY =^ v , 
tr7 5 = 0, 

tr 7 57'V = 0, 

Aie pvpx , 

tr o» v a px =4«V A 



tr757 M 7 I/ 7 P 7 A 



rf x rfP) 



(A.9) 



Considering ip and \ as Major ana spinors, we also have 



(A.10) 
(All) 
(A.12) 
(A.13) 
(A.14) 
(A.15) 



ipX = 




V>75X = 


XJ51P, 


tPYi5X = 


xYi5tp , 


4>Yx = 


-xYi> , 


i>o pv X = 


-x^ v i> , 


i>YYx = 


xYY^P ■ 



Using the relations flA.3| )-( A.15), we obtain additional 
relations 
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i'lbi^YYx = xi^Y^i^iP , 

^Yl X X = X7 V^V> , 
The Fierz identity reads 

T(r j4 ) Q /3(r j 4) ( Tp = SapSpe , 



(A.16) 



(A.17) 



where T" 4 is generically representing the independent ma- 
trices: r 1 = 1, r 2 to r 5 = r 6 = 75 , r 7 to r 10 = 7^75, 

T 11 to r 16 = a^ v '. Concerning to Fa, the corresponding 
relations are almost trivial, we just have to notice the 
inverse order between 75 and 7^ from Tj to Tio = 757^- 
Using the Fierz identity, we obtain 

d a 0p = ~6 a p08 - ^75^8758 

-^(7 M 75)a/3^757M 6 '' 

8-7588* = -00 (6~K) a , 
8*h 5 8 = -{ l5 8)j8 , 
8^88 a = -88(8^) a , 
8 a Hi„8 = -{ l5l „8)j8 , 
8758 8758 = -(88) 2 , 
87^758 87^758 = v ^(88) 2 , 
666756 = 0, 
66 67^758 = 0, 
875867^756 = 0. (A. 18) 

The supersymmetry charge and derivative operators 
are defined by 

Q a = 4r + i(r8) a d fl , 

Q a = -^--i(87n a d^, 

D a = -4r + 1 ^)^- ( A - 19 ) 

Positive and negative chiralities are defined as 



8± = \{±±7s)0, 



(A.20) 



m 9± = V l± ^ 

^ ± = i(lT75), 
4-J ± = \d ±75)7°, 
±0 ± = 1(1 T 75)7°, 



a^ 1 



# T = o, 



>=F = 0, 



6C = 0. 



(A.21) 



The positive and negative chiral superfields satisfy 

L> T $±=0. (A.22) 



consequently, 
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